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In this paper we study congruence conditions on class numbers of binary 
quadratic discriminants d, modulo powers of 2, where d has two or three distinct 
prime divisors. 
The aim of this paper is to present and discuss some recent and forth- 
coming research on the determination of the exact power of 2 in the class- 
number h(d) of a binary quadratic discriminant d; we also give a new proof 
of one of these results. Our attention will be focused on those discriminants 
having exactly two or three distinct prime divisors; furthermore, we 
consider only fundamental discriminants (discriminants of quadratic 
number fields). By h(d) we shall mean the number of ideal classes of 
Q(&“) = K, which is the same as the number of classes h,(d) of binary 
quadratic forms of discriminant d, unless d > 0 and the fundamental 
unit of K has norm 1, in which case h = ho/2. We write [a, b, c] to denote 
the form ax2 + bxy + cy2 of discriminant d = b2 - 4ac. Finally, (p I 4) 
denotes the familiar Legendre symbol, and if (p 1 q) = 1, we write 
(p ( q)4 = 1 or -1 according asp is or is not a fourth-power residue of q. 
1. DISCRIMINANTS WITH Two PRIME FACTORS 
Many of the papers coming under discussion deal with the study of 
h(-p), wherep is a prime. Ifp = 2 orp = 3 (mod 4), the binary quadratic 
forms of discriminants -8 and -p fall into one genus; hence, h(-p) is 
even if and only if p = 1 (mod 4). Furthermore, if p z 1 (mod 4), there 
are two genera and two ambiguous classes, represented by [l, O,p] and 
[2, 2, (p + 1)/2]; now 4 ) h(-p) if and only if both of these classes lie in 
the principal genus, which occurs if and only if (2 / p) = 1. Hence, 
4 1 h(-p) if and only if p = 1 (mod 8). 
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If p = 1 (mod 8) it turns out that we may write 
p = a2 + 16b2 = c2 + 8d2 = e2 - 8f 2; 
in addition, -4 is a fourth power residue of p. In 1969, Barrucand and 
Cohn [l] proved the following theorem. 
THEOREM 1. The following statements are equivalent: 
(1) h(-p) = 0 (mod 8); 
(2) (-l)(a-1)/2 - 1 = 4b (mod 8); 
(3) d = 0 (mod 2); 
(4) lel = 1 (mod4); 
(5) -4 is an eight power residue of p. 
The proof of this theorem uses the arithmetic properties of the 
biquadratic field Q(d/-1, ~‘2) of eight roots of unity. 
There followed a series of papers by Hasse; in [6] he proved the following 
theorem. 
THEOREM 2. Let p = 1 (mod 8) be a prime and write p = 2v2 - u2 = 
x2 + 2y2, with v, y > 0. The following statements are equivalent: 
(1) h(-p) = 0 (mod 8); 
(2) v = 1 (mod 4); 
(3) y = 0 (mod 4). 
His proof used the genus theory of ideal classes in Q((-p)lt2), and 
relied on some earlier ideas of Redei and Reichardt [ll, 121. Using similar 
techniques, he proved [7] the following theorem concerning the class- 
number h(-2p) of discriminant -8~. 
THEOREM 3. Let p be an odd prime. Then h(-2p) is even; furthermore, 
h(-2p) = 0 (mod 4) tfand ont’y ifp = f I (mod 8). Let p = f I (mod 8) 
and write 2p = 29 - u2 with v > 0. Then 
(1) Zfp E 1 (mod 8) then h(-2p) = 0 (mod 8) if and onZy if v = 1 
or 3 (mod 8). 
(2) Zf p = - 1 (mod 8) then h(-2p) = 0 (mod 8) if and only if 
v 3 1 or --I (mod 8). 
We give here a new proof of Theorem 3 which uses the theory of 
quadratic forms. 
Proof. If d = -8p, then there are two generic characters: (m ( p) and 
either (-2 ( m) or (2 1 m), according as p = 1 or 3 (mod 4). The two 
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ambiguous classes are represented by fi = [I, 0,2p] and fi = [2,0, p]. 
Now each genus contains the same number of classes; this number is odd 
or even, according as fi is or is not in the principal genus. Hence, 
h(-2p) = 0 (mod 4) if and only if (f2 / p)(=(2 I p)) = 1, i.e., if and only 
ifp = fl (mod 8). 
Now suppose p = iI (mod 8), and write 2p = 2v2 - u2 with v > 0. 
The form g = [a, 2u,2u] has discriminant -8p and its square, under 
Gaussian composition, is f2 ; thus, g has order 4 in the class-group G. 
Let G1 and H denote the subgroups of G consisting of the principal genus 
and {g, fi , g-l, fi>, respectively. If g is in the principal genus then H is 
a subgroup of G, which, in turn, has index 2 in G. Hence, 
h(-2p) = ord G = ord(G/G,J * ord(G,,/H) * ord H 
= 2 * ord(G,/H) * 4 E 0 (mod 8). 
If g is not in the principal genus, let g, be any class whose square is in H. 
If go2 =fi , then g,, = fi orfi ; if go2 = g, then g is in the principal genus, 
contrary to assumption. Finally, if go2 = f2 , then (g0g)2 = fi2 =fi , so 
that g,,g is ambiguous; hence, g, = fig-’ = g or g, =J1g-’ = g-l. 
Thus, if g, is a class whose square is in H, then g,, is in H; hence, ord(G/H) 
is odd, and we have h(-2p) = ord(G/H) + ord H = 4 (mod 8). 
Hence, h(-2p) = 0 (mod 8) if and only if g is in the principal genus. 
If p = 1 (mod S), this means that (-2 ) V) = 1, and if p = -1 (mod 8), 
this means that (2 ) U) = 1. Theorem 3 follows immediately. 
In two more papers [S, 91, Hasse used the methods of [6] and discussed 
the residue of h(d) (mod 8), where d has exactly two prime divisors. He 
treated negative discriminants in [S], and both negative and positive 
discriminants in [9]. Typical of his results is the following. 
THEOREM 4 [9]. Let d be a discriminant with exactIy two distinct 
prime divisors p’ and p”. Furthermore, let d = d’d” be the associated 
decomposition of d into discriminants. Then 
(1) h(d) E 0 (mod 4) if and only if (d’ 1 p”) = (d” 1 p’) = 1. 
(2) If h(d) = 0 (mod 4), then h(d) = 0 (mod 8) if and only if 
(d’ ) v) = 1, where (u, v, w) is a primitive solution to 
U2 - 4p’v2 - dw2 = 0 
and4p’=.?-- dy2 has no integral solution. 
Stimulated by Has&s work, Reichardt [13] used class-field theoretic 
methods which he developed in the 1930’s [12] to prove the following 
theorem. 
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THEOREM 5. (a) Let p = 1 (mod 8) be a prime. 
(1) h(-p)=O(mod8)ifandonZyifp=x”+y2withx+y= +I 
(mod 8). 
(2) h( -2~) =r 0 (mod 8) if and only tff; writing p = x2 + 2y2 with 
x + y = 1 (mod 4), we have either (i) x = 1 (mod 8), y = 0 (mod 4) or 
(ii) x E -1 (mod 8), y = 2 (mod 4). 
(3) h(2p) = 0 (mod 8) if and onZy if writing p = x2 -- 2y2 with 
x + y = 1 (mod 4), we have either (i) x = 1 (mod 8), y = 0 (mod 4) or 
(ii) x = 3 (mod 8), y = 2 (mod 4). 
(b) Let p = -1 (mod 8) be a prime. Then h(-2p) = 0 (mod 8) if 
and only if, writing p = 2y2 - x2 with x + y = 1 (mod 4), we have either 
(i) x s 1 (mod 8), y G 0 (mod 4) or (ii) x - 3 (mod 8), y = 2 (mod 4). 
Recently, Bauer [2] used algebraic-number-theoretic techniques related 
to those used by Hasse in [9] to prove the following theorem which 
technically gives a rational criterion for any power of 2 to divide h(d), 
where d has exactly two distinct prime divisors. 
THEOREM 6. Let d be a discriminant with exactly two prime divisors 
p’ and p”, and let d = d’d” be the associated discriminantal decomposition. 
Let n be an integer 32 such that 2” I h(d); let A, be a class of order 2” and 
norm a, . Then 2n+l j h(d) if and only if 
(d’ia,) = (d/a,) = 1, 
where (p 1 q) is the Kronecker symbol. 
More recently, Lehmer [IO] proved the following theorem by considering 
the quadratic characters of the fundamental units in certain algebraic 
number fields. 
THEOREM 7. Let E = (t + u(p)‘l”)/2 denote the fundamental unit of 
Q(p”“), where p = 1 (mod 8) is a prime. Then h(-p) E 0 (mod 8) if and 
only zf t = 0 (mod 16). 
Finally, in a fairly recent paper [3], the author used the theory of 
composition of binary quadratic forms, as in his proof of Theorem 3, 
to obtain the following theorem. 
THEOREM 8. Let p 3 1 (mod 8) be a prime. Write p = a2 + b2 = 
2e2 - d2, where b is even and e > 0. Then h( -p) = 0 or 4 (mod 8) according 
as (e 1 p) = 1 or -1; furthermore, h(-p) = b + (P - 1)/2 (mod 8). 
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If h(--p) = 0 (mod 8), it appears that the fourth power character of 
e (modp) has no connection with the residue of h(--p) (mod 16), as the 
following table indicates. 
P p (mod 16) M-p) e (e i pII 
113 1 8 9 -1 
337 1 8 13 1 
257 1 16 13 -1 
353 1 16 17 1 
137 9 8 9 -1 
41 9 8 5 1 
569 9 32 17 -1 
409 9 16 17 1 
It would be desirable to obtain necessary and sufficient conditions 
that h(--p) 5 0 (mod 16) in terms of a quadratic partition of p; as yet, 
this has not been accomplished. 
2. DISCRIMINANTS WITH EXACTLY THREE PRIME DIVISORS 
In a forthcoming article [4], the author studies discriminants of the form 
d = -4pq, where p = q (mod 4) are distinct primes. Using the techniques 
of [3], i.e., composition of binary quadratic forms, the author obtains 
several theorems of which the following are representative. 
THEOREM 9. Letp E q = 1 (mod 4) be distinctprimes; then h(-pq) = 4 
(mod 8) if p + q (mod 8) and (p ) q) = -1, and h(-pq) = 0 (mod 8) 
otherwise. Letp = q = 1 (mod 8) be distinct primes and writepq = 2e2 - d2 
with e > 0. If (p I q) = ---I, then h(-pq) = 0 or 8 (mod 16) according as 
(eIp)(e(q)=l or -1; f(pjq)=l, then h(-pq)=O (mod32) if 
(e ( p) = (e I q) = 1, and h(-pq) = 0 (mod 16) otherwise. 
THEOREM 10. Let p E q 3 3 (mod 4) be distinct primes such that 
(p ( q) = 1; then h(-pq) = q + 1 (mod 8). Ifp = q = 7 (mod 8), write 
pq=2e2-d2withe>Oand(p~q)=1;thenh(-pq)=Oor8(mod16) 
according as (e I q) = 1 or - 1. 
The author and Parry [5] study the discriminants d = -pIp2p3 and 
d = -8p,p, , where the pc are distinct odd primes. The method of attack 
is similar to the method of Hasse in [8]; some sample results are as follows. 
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THEOREM Il. Let p1 = pz = 1, p3 E 3 (mod 4) be distinct odd primes. 
Then h = h(-p,p,p,) E 0 (mod 16), h = 0 (mod 8) or h = 4 (mod 8) 
according as none, one, or more than one of the symbols (pt j pz), (pt 1 p3), 
(Pa IA is -1. 
THEOREM 12. Let K = Q(dljz) be an imaginary quadratic field with 
d = -8p,p,(pI = 2) or d = -p1p2p3, and class group G. 
(a) G has a cyclic subgroup of order 4 (a subgroup of type (4,4)) if 
and only tfat least one (all) of the ramt$edprimes of K is (are) in G2. 
(b) G has a cyclic subgroup of order 8 (a subgroup of type (8,8)) if 
and only if for some (each) ramtfied prime pi of K belonging to G2, the 
corresponding equation 
ud2 - azp& + p1pzp3w2 = 0 
has a primitive solution satisfying (vi / p2) = (vi ) pS) = 1. Here, a is 
&fined by the ideal-relation. 
pia: w ((4 + wi(-plp2p3V4~ 
where ai - pi and a = 1 or 2 (the latter accurring only 5fd is odd). 
A systematic treatment of positive discriminants with three prime 
divisors has not yet been undertaken; it seems reasonable to conjecture 
that criteria similar to those of Bauer [2] could be found. 
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